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APPROXIMATING POINTWISE PRODUCTS OF QUASIMODES
MEI LING JIN
Abstract. We obtain approximation bounds for products of quasimodes for
the Laplace-Beltrami operator, on compact Riemannian manifolds of all di-
mensions without boundary. We approximate the products of quasimodes uv
by a low-degree vector space Bn, and we prove that the size of the space
dim(Bn) is small. In our paper, we first study bilinear quasimode estimates of
all dimensions d = 2, 3, d = 4, 5 and d ≥ 6, respectively, to make the highest
frequency disappear from the right hand. Furthermore, the result of the case
λ = µ of bilinear quasimode estimates improves L4 quasimodes estimates of
Sogge-Zelditch in [15] when d ≥ 8. And on this basis, we give approximation
bounds in H−1 norm. We also prove approximation bounds for the products
of quasimodes in L2 norm using the results of Lp-estimates for quasimodes in
[1]. We extend the results of Lu-Steinerberger in [11] to quasimodes.
1. Introduction
Let (M, g) be a compact Riemannian manifolds of dimension d without bound-
ary. We denote ∆ = ∆g the Laplace-Beltrami operator associated to the metric
g on M . A quasimodes u of ∆g satisfies
||(∆g + λ
2)u||2 ≤ C0λ and ||u||2 = 1, (1.1)
where C0 is independent of λ. Let uj be quasimodes with frequencies λj arranged
so that 0 = λ0 < λ1 ≤ λ2 ≤ · · · .
In our paper, we consider the problem about the function ui(x)uj(x), for exam-
ple,the size of < uiuj, ek >. We extend the results in [11] to quasimodes. While
there are many bilinear estimates for eigenfunctions and spectral clusters (see
e.g. [16], [6], [8]), there are very few results of bilinear estimates for quasimodes.
Some results have been obtained in the presence of additional assumptions. For
example, bilinear quasimodes estimates were studied for all dimensions under the
assumption of microlocal support in [7].
Let u be quasimodes satisfying (1.1) with frequencies λ and let v be quasimodes
satisfying (1.1) with frequencies µ, respectively. In the following, we want to
approximate uv by another vector space Bn with lower degree dim(Bn) ∼ c · n,
often referred as density fitting in quantum chemistry literature.
2010 Mathematics Subject Classification. 35A15, 35C99, 47B06, 81Q05.
Key words and phrases. approximation pointwise products; quasimode; bilinear estimates;
approximation in H−1 norm.
1
2 MEI LING JIN
To prove such a result, a first step is to prove the following bilinear estimates
for quasimodes:
||uv||2 . Λ(d,min(λ, µ))(λ
−1||(−∆g−λ
2)u||2+||u||2)(µ
−1||(−∆g−µ
2)v||2+||v||2),
(1.2)
if 2 ≤ d ≤ 5, and
||uv||2 .Λ(d, µ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)
(µ−1||(−∆g − µ
2)v||2 + ||v||2 + µ
−N+d/2−σ(q)||(I −∆g)
N/2Rµv||2)
(1.3)
if d ≥ 6, assuming that µ ≤ λ and N > d/2 with Rλ being the projection operator
for P =
√
−∆g corresponding to the internal [2λ,∞). Furthermore, for d = 6, 7,
we can get a better result than the result of (1.3) if λ = µ as follows (see more
details in the proof of Theorem 4):
||u||24 . Λ(d, λ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)
2, (1.4)
where
Λ(d, ν) :=


ν
1
4 if d = 2,
ν
1
2 log
1
2 (ν) if d = 3,
ν
d−2
2 if d ≥ 4.
(1.5)
.
Bilinear quasimode estimates for all dimensions were obtained by Guo-Han-
Tacy ([7]). They assumed microlocal support in [7]. The assumption is needed
since the Lp estimates of quasimodes do not hold for p =∞ if d = 4 or p > 2d
d−4
if d ≥ 5.
Notice that the case λ = µ when d = 2, 3 in (1.2) is a particular case of general
Lp estimates due to Sogge-Zelditch ([15]) which takes the following form, for every
p ∈ [2,+∞],
||u||Lp(M) ≤ Cλ
σ(p)(λ−1||(−∆g − λ
2)u||2 + ||u||2), (1.6)
where σ(4) = 1/8 if d = 2, and more generally σ(p) = max(d(1
2
− 1
p
)− 1
2
, d−1
2
(1
2
−
1
p
)).
And (1.6) with semiclassical variants for all dimensions and all exponents p ∈
(2,+∞] was also given in [9] under the assumption that u is spectrally localized.
This assumption is needed since (1.6) does not hold for p =∞ if d = 4 or p > 2d
d−4
if d ≥ 5, as was explained in [1].
The case λ = µ when 4 ≤ d ≤ 7 in (1.2) is a particular case of L4 estimates
due to Sogge-Zelditch ([15]) which takes the following form,
||u||L4(M) ≤ Cλ
σ(4)(λ−1||(−∆g − λ
2)u||2 + ||u||2), (1.7)
where σ(4) = d−2
4
if 4 ≤ d ≤ 7.
Moreover, the result of the case λ = µ when d ≥ 8 in (1.3) improves L4
quasimodes estimates of Sogge-Zelditch ([15]).
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Indeed, when λ = µ for d ≥ 8 in (1.3), we have
||u||24 . Λ(d, λ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)
(λ−1||(−∆g − λ
2)u||2 + ||u||2 + λ
−N+d/2−σ(4)||(I −∆)N/2Rλu||2)
= λ2σ(4)(λ−1||(−∆g − λ
2)u||2 + ||u||2)
(λ−1||(−∆g − λ
2)u||2 + ||u||2 + λ
−N+d/2−σ(4)||(I −∆)N/2Rλu||2).
(1.8)
And according to the result in [15], we have
||u||24 . λ
2σ(4)(λ−1||(−∆g − λ
2)u||2 + ||u||2 + λ
−N+d/2−σ(4)||(I −∆)N/2Rλu||2)
2.
(1.9)
The proof of bilinear estimates for quasimodes is based on the following results
of bilinear estimates for spectral clusters in [2] of dimension 2, in [3] of dimension
3 and in [4, 5] of higher dimensions (see the similar techniques in [15]):
||χλuχµv||2 . Λ(d,min(λ, µ))||u||2||v||2, (1.10)
where χλ is the projection operators corresponding to the unit internal [λ, λ+1]}.
Notice that the case λ = µ in (1.10) is a particular case of general Lp estimates
due to Sogge ([10], [13], [14]) which take the following form, for every p ∈ [2,+∞],
||χλu||Lp(M) ≤ Cλ
σ(p)||u||L2(M), (1.11)
where σ(4) = 1/8 if d = 2.
The advantages of using estimates (1.2), rather than applying Holder’s inequal-
ity and (1.6), is to make the highest frequency disappear from the right hand side,
which is crucial in the nonlinear analysis. And we can also get a better results of
the approximation pointwise products of quasimodes.
Then the next step is to use bilinear estimates for quasimodes of Theorem 2
and Theorem 3 to prove Theorem 5 and Theorem 1.
The rest of this paper is organized as follows. In Section 2 we give the main
result, H−1 approximation. Section 3 consists in two parts. First we prove
bilinear estimates for quasimodes on a two dimensional compact Riemannian
manifold without boundary. Then we obtain bilinear quasimode estimates on
a three dimensinal compact Riemannian manifold. In Section 4 the bilinear
quasimode estimates for higher dimensions are also obtained. Section 5 is denoted
to the proof of theorem 1 based on the results of Theorem 2, Theorem 3 and
Theorem 4. In section 6, we show that the product of quasimodes uv can be well
approximated by the elements of Bν if ν is not much larger than n, based on the
estimates of quasimodes in [9]. We improve the results in Lu-Steinerberger ([11]),
since we can get approximation of products for quasimodes. Section 7 is denoted
to the proof of Thereom 5 and Lemma 1.
2. Main results
Motivated by the above, for 1 ≤ i ≤ j ≤ n, we are interested in estimating
products of quasimodes uiuj by finite linear combinations of quasimodes. With
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this in mind, let for ν ∈ N
Eνf =
ν∑
k=0
< f, ek > ek (2.1)
denote the projection of f ∈ L2(M) onto the space, Bν , spanned by {ek}
ν
k=0, and
Rνf = f − Eνf (2.2)
denote the “remainder term” for this projection. Thus,
||f − Eνf ||
2
L2(M) = ||Rνf ||
2
2 =
∑
k>ν
| < f, ek > |
2. (2.3)
Since a multiple of |x − y|−1 is the fundamental solution of the Laplacian in
R
3, the appropriate physically relevant problems involve the Sobolev space H−1
equipped with the norm defined by
||f ||2H−1 = ||(I −∆g)
−1/2f ||2L2 =
∑
(1 + λ2k)
−1| 〈f, ek〉 |
2. (2.4)
Our H−1 approximation result then is the following.
Theorem 1. Let (M, g) be a compact Riemannian manifold of dimension d.
Then if 1 ≤ i ≤ n < ν, 1 ≤ j ≤ m < ν and ε ∈ (0, 1) we have
||Rν(uiuj)||H−1 < ε, if ν = O(Ω(d,min(λm, λn))ε
−d), (2.5)
where
Ω(d, µ) =


µ
1
2 if d = 2,
µ
3
2 log
3
2 (µ) if d = 3,
µ
d(d−2)
2 if d ≥ 4.
(2.6)
3. Bilinear quasimode estimates in two and three dimensions
We introduce the following notation: given µ ≥ 1, we set
Λ(d, µ) :=
{
µ
1
4 if d = 2,
µ
1
2 log
1
2 (µ) if d = 3.
(3.1)
Theorem 2. (M, g) is a 2 dimensional compact Riemannian manifold without
boundary. Let u be quasimodes satisfying (1.1) with frequencies λ and let v be
quasimodes satisfying (1.1) with frequencies µ, respectively. Assume that 1 ≤ µ ≤
λ. And {λ2j} are the eigenvalues of −∆g. Then the following bilinear estimates
hold
||uv||2 . Λ(d, µ)(λ
−1||(−∆g−λ
2)u||2+ ||u||2)(µ
−1||(−∆g−µ
2)v||2+ ||v||2). (3.2)
Proof. We split our u satisfying (1.1) into “low” and “high” frequency parts. To
this end we choose 0 ≤ ψ ∈ C∞(R) satisfying ψ(r) = 1 for r ≤ 2 and ψ(r) = 0
for r ≥ 4. We then set ρ(r) = 1− ψ(r) and note that ρ(r) = 0 if r < 2.
We can now write
u = Lλu+Hλu, (3.3)
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where Lλ = ψ(P/λ) and Hλ = ρ(P/λ). Here P =
√
−∆g.
Since
||uv||2 ≤ ||vLλu||2 + ||vHλu||2, (3.4)
it is enough to prove that
||vLλu||2 . Λ(d, µ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2),
(3.5)
and
||vHλu||2 . Λ(d, µ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2).
(3.6)
To estimate the high frequency part, the assumptions on p = 4 then ensures that
(1−∆g)
−( 1
2
− 1
p
) : L2 → Lp and
1
2
−
1
p
≤ 1. (3.7)
Thus
||Hλu||4 . ||P
1/2Hλu||2
. λ−3/2||(−∆g − λ
2)Hλu||2
≤ λ−3/2||(−∆g − λ
2)u||2 ≤ λ
−1/2(λ−1||(−∆g − λ
2)u||2 + ||u||2),
(3.8)
using in the second inequality the fact that Hλu only has frequencies larger than
2λ, as well as 2(1
2
− 1
p
) ≤ 2, due to our assumptions on p.
If we combine (3.8) and the Lp estimates of quasimodes in [1], we have
||vHλu||2 ≤ ||Hλu||4||v||4
≤ λ−1/2(λ−1||(−∆g − λ
2)u||2 + ||u||2)µ
1/8(µ−1||(−∆g − µ
2)v||2 + ||v||2)
< λ−3/8(λ−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2).
(3.9)
When p =∞, we use the fact that
(1−∆g)
− 1
2
−ε : L2 → L∞
if ε > 0, as well as the fact that 1
2
+ ε < 1 if ε < 1
2
. Based on this, we have
||Hµv||∞ . ||P
1+εHµv||2
≤ µεµ−1||(−∆g − µ
2)Hµv||2
≤ µεµ−1||(−∆g − µ
2)v||2
≤ µ1/4(µ−1||(−∆g − µ
2)v||2 + ||v||2)
(3.10)
Thus,
||LλuHµv||2 ≤ ||Lλu||2||Hµv||∞
. ||u||2µ
1/4(µ−1||(−∆g − µ
2)v||2 + ||v||2)
≤ µ1/4(λ−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2).
(3.11)
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To prove the remaining part of estimates, we write
Lλu =
∑
k≤2λ
χku, Lµv =
∑
j≤2µ
χjv. (3.12)
where χk is the projection operators corresponding to the unit internal [k, k + 1]
and χj is the projection operators corresponding to the unit internal [j, j + 1].
By Cauchy-Schwarz inequality, we have
|LλuLµv| ≤ (
∑
k≤2λ,j≤2µ
|(1 + |k − λ|)χku(1 + |j − µ|)χjv|
2)1/2 (3.13)
Thus,
||LλuLµv||
2
2 ≤
∑
k≤2λ,j≤2µ
(1 + |k − λ|)2(1 + |j − µ|)2||χkuχjv||
2
2
≤
∑
k≤2λ,j≤2µ
(min(j, k))1/2||(1 + |λ− k|χku)||
2
2||(1 + |µ− j|)χjv||
2
2
≤ µ1/2(
∞∑
n=0
||(1 + |k − λ|)χku||
2
2)(
∞∑
n=0
||(1 + |j − µ|)χjv||
2
2)
≤ µ1/2(λ−1||(−∆g − λ
2)u||2 + ||u||2)
2(µ−1||(−∆g − µ
2)v||2 + ||v||2)
2,
(3.14)
since the estimates for spectral clusters in [2]:
||χλuχµv||2 . (min(λ, µ))
1/4||u||2||v||2.
This completes the proof of theorem 2. 
Theorem 3. (M, g) is a 3 dimensional compact Riemannian manifold without
boundary. Let u be quasimodes satisfying (1.1) with frequencies λ and let v be
quasimodes satisfying (1.1) with frequencies µ, respectively. Assume that 1 ≤
µ ≤ λ. Then the following bilinear estimates holds
||uv||2 . Λ(d, µ)(λ
−1||(−∆g−λ
2)u||2+||u||2)(µ
−1||(−∆g−µ
2)v||2+||v||2). (3.15)
Proof. As before,
||uv||2 ≤ ||vLλu||2 + ||vHλu||2. (3.16)
To estimate the high frequency part, the assumptions on p = 4 then ensure that
(1−∆g)
− 3
2
( 1
2
− 1
p
) : L2 → Lp and
3
2
(
1
2
−
1
p
) ≤ 1. (3.17)
Thus
||Hλu||4 . ||P
3/4Hλu||2
. λ−5/4||(−∆g − λ
2)Hλu||2
≤ λ−5/4||(−∆g − λ
2)u||2 ≤ λ
−1/4(λ−1||(−∆g − λ
2)u||2 + ||u||2),
(3.18)
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using in the second inequality the fact that Hλu only has frequencies larger than
2λ, as well as 3(1
2
− 1
p
) ≤ 2, due to our assumptions on p.
If we combine (3.18) and the Lp estimates of quasimodes in [1], we have
||vHλu||2 ≤ ||Hλu||4||v||4
≤ λ−1/4(λ−1||(−∆g − λ
2)u||2 + ||u||2)µ
1/4(µ−1||(−∆g − µ
2)v||2 + ||v||2)
< µ1/2(λ−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2)
< Λ(d, µ)(λ−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2).
(3.19)
So we need to estimate ||vLλu||2 next. Since
||vLλu||2 ≤ ||LλuLµv||2 + ||LλuHµv||2,
it is enough to estimate
||LλuLµv||2 ≤ Λ(d, µ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2),
(3.20)
and
||LλuHµv||2 ≤ Λ(d, µ)(λ
−1||(−∆g − λ
2)u||2+ ||u||2)(µ
−1||(−∆g − µ
2)v||2+ ||v||2).
(3.21)
To estimate the last term, we fix a nonnegative Littlewood-Paley bump function
β ∈ C∞0 ((1/2, 2)) satisfying 1 =
∑∞
k=−∞ β(r/2
k), r > 0. And we denote by Sjf =
β(2−jP )f , then we have
||Hµv||∞ ≤
∑
2j≥2µ
||Sjv||∞
≤
∑
2j≥2µ
23j/2||Sjv||2
≤
∑
2j≥2µ
2−j/2|| −∆g(Sjv)||2
≤ µ−1/2
∑
2j≥2µ
(µ2−j)1/2|| −∆g(Sjv)||2
≤ µ−1/2
∑
2j≥2µ
(µ2−j)1/2|| −∆gHµv||2
≤ Cµ−1/2||(−∆g − µ
2)v||2
= Cµ1/2µ−1||(−∆g − µ
2)v||2
≤ Cµ1/2(µ−1||(−∆g − µ
2)v||2 + ||v||2)
. Λ(d, µ)(µ−1||(−∆g − µ
2)v||2 + ||v||2)
(3.22)
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Thus,
||LλuHµv||2 ≤ ||Lλu||2||Hµv||∞
. ||u||2µ
1/2(µ−1||(−∆g − µ
2)v||2 + ||v||2)
≤ µ1/2(λ−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2)
≤ Λ(d, µ)(λ−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2).
(3.23)
To estimate the remaining part ||LλuLµv||2, we write
Lλu =
∑
k≤2λ
χku, Lµv =
∑
j≤2µ
χjv, (3.24)
where χk is the projection operators corresponding to the unit internal [k, k + 1]
and χj is the projection operators corresponding to the unit internal [j, j + 1].
By Cauchy-Schwarz inequality, we have
|LλuLµv| ≤ (
∑
k≤2λ,j≤2µ
|(1 + |k − λ|)χku(1 + |j − µ|)χjv|
2)1/2 (3.25)
Thus,
||LλuLµv||
2
2 ≤
∑
k≤2λ,j≤2µ
(1 + |k − λ|)2(1 + |j − µ|)2||χkuχjv||
2
2
≤
∑
k≤2λ,j≤2µ
(Λ(d, µ))2||(1 + |λ− k|χku)||
2
2||(1 + |µ− j|)χjv||
2
2
≤ (Λ(d, µ))2(
∞∑
n=0
||(1 + |k − λ|)χku||
2
2)(
∞∑
n=0
||(1 + |j − µ|)χjv||
2
2)
≤ (Λ(d, µ))2(λ−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2),
(3.26)
since the estimates for spectral clusters in [3] of dimension 3:
||χkuχjv||2 . Λ(d,min(k, j))||u||2||v||2.
This completes the proof of theorem 3. 
4. Bilinear quasimodes estimates for higher dimensions
We introduce the following notation: given ν ≥ 1, we set
Λ(d, µ) := µ
d−2
2 , if d ≥ 4. (4.1)
Theorem 4. (M, g) is a d (d = 4, 5) dimensional compact Riemannian manifold
without boundary. Let u be quasimodes satisfying (1.1) with frequencies λ and
let v be quasimodes satisfying (1.1) with frequencies µ, respectively. Assume that
1 ≤ µ ≤ λ. Then the following bilinear estimates holds
||uv||2 . Λ(d, µ)(λ
−1||(−∆g−λ
2)u||2+ ||u||2)(µ
−1||(−∆g−µ
2)v||2+ ||v||2). (4.2)
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If d ≥ 6 we also have for such d
||uv||2 .Λ(d, µ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)
(µ−1||(−∆g − µ
2)v||2 + ||v||2 + µ
−N+d/2−σ(q)||(I −∆)N/2Rµv||2).
(4.3)
assuming that N > d/2 with Rλ being the projection operator for P =
√
−∆g
corresponding to the internal [2λ,∞). Furthermore, for d = 6, 7, we can get a
better result than the result of (4.3) if λ = µ as follows:
||u||24 . Λ(d, λ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)
2. (4.4)
To prove this theorem, we need use a special case of Theorem 1.3 in [1] corre-
sponding to V ≡ 0.
Proof. As before,
||uv||2 ≤ ||vLλu||2 + ||vHλu||2, (4.5)
it is enough to prove that for d = 4, 5
||vLλu||2 . Λ(d, µ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2),
(4.6)
and
||vHλu||2 . Λ(d, µ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2).
(4.7)
To estimate the high frequency part, the assumptions on p ≤ 2d
d−4
for d then
ensure that
(1−∆g)
− d
2
( 1
2
− 1
p
) : L2 → Lp and
d
2
(
1
2
−
1
p
) ≤ 1. (4.8)
Thus
||Hλu||p . ||P
d( 1
2
− 1
p
)Hλu||2
. λd(
1
2
− 1
p
)−2||(−∆g − λ
2)Hλu||2
≤ λd(
1
2
− 1
p
)−2||(−∆g − λ
2)u||2 ≤ λ
d( 1
2
− 1
p
)−1(λ−1||(−∆g − λ
2)u||2 + ||u||2).
(4.9)
If we combine (4.9) and the Lp estimates of Theorem 1.3 in [1] corresponding to
V ≡ 0 when d = 4, 5, we have
||vHλu||2 ≤ ||Hλu||p||v||q
≤ λd(
1
2
− 1
p
)−1(λ−1||(−∆g − λ
2)u||2 + ||u||2)µ
σ(q)(µ−1||(−∆g − µ
2)v||2 + ||v||2)
≤ µ
d−2
2 (λ−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2).
(4.10)
Since we want to make the highest frequency disappear from the right hand in
the last inequality of (4.10), we need ensure that the power of λ is negative. We
need assume that d(1
2
− 1
p
) − 1 ≤ 0, that is, p ≤ 2d
d−2
. We have q = 2p
p−2
due to
Holder inequality in the first inequality of (4.10). Therefore, we have q < 2d
d−4
when d = 4, 5. Then we can estimate ||v||q in the second inequality of (4.10).
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We also use the fact that λd(
1
2
− 1
p
)−1µσ(q) ≤ µ
d−2
2 in the last inequality of (4.10).
Indeed, when q ≤ 2(d+1)
d−1
, σ(q) = d−1
2
(1
2
− 1
q
). Then we have d(1
2
− 1
p
)− 1+ σ(q) =
d(1
2
− 1
p
)− 1+ d−1
2
(1
2
− 1
q
) ≤ d−2
2
. When q ≥ 2(d+1)
d−1
, σ(q) = d(1
2
− 1
q
)− 1
2
. Then we
have d(1
2
− 1
p
)− 1 + σ(q) = d(1
2
− 1
p
)− 1 + d(1
2
− 1
q
)− 1
2
= d−3
2
< d−2
2
.
So we need to estimate ||vLλu||2 next. And we have
||vLλu||2 ≤ ||LλuLµv||2 + ||LλuHµv||2. (4.11)
To estimate the last term in (4.11), we fix a nonnegative Littlewood-Paley
bump function β ∈ C∞0 ((1/2, 2)) satisfying 1 =
∑∞
k=−∞ β(r/2
k), r > 0. And we
denote by Sjf = β(2
−jP )f , then we have
||Hµv||∞ ≤
∑
2j≥2µ
||Sjv||∞
≤
∑
2j≥2µ
2dj/2||Sjv||2
≤
∑
2j≥2µ
2(d−4)j/2|| −∆g(Sjv)||2
≤ µ(d−4)/2
∑
2j≥2µ
(µ2−j)(4−d)/2|| −∆g(Sjv)||2
≤ µ(d−4)/2
∑
2j≥2µ
(µ2−j)(4−d)/2|| −∆gHµv||2
≤ Cµ(d−4)/2||(−∆g − µ
2)v||2
= Cµ(d−2)/2µ−1||(−∆g − µ
2)v||2
≤ Cµ(d−2)/2(µ−1||(−∆g − µ
2)v||2 + ||v||2)
. Λ(d, µ)(µ−1||(−∆g − µ
2)v||2 + ||v||2)
(4.12)
Thus,
||LλuHµv||2 ≤ ||Lλu||2||Hµv||∞
. ||u||2Λ(d, µ)(µ
−1||(−∆g − µ
2)v||2 + ||v||2)
≤ Λ(d, µ)(λ−1||(−∆g − λ
2)u||2 + ||u||2)(µ
−1||(−∆g − µ
2)v||2 + ||v||2).
(4.13)
To prove the remaining part of estimates, we write
Lλu =
∑
k≤2λ
χku, Lµv =
∑
j≤2µ
χjv, (4.14)
where χk is the projection operators corresponding to the unit internal [k, k + 1]
and χj is the projection operators corresponding to the unit internal [j, j + 1].
By Cauchy-Schwarz inequality, we have
|LλuLµv| ≤ (
∑
k≤2λ,j≤2µ
|(1 + |k − λ|)χku(1 + |j − µ|)χjv|
2)1/2 (4.15)
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Thus,
||LλuLµv||
2
2 ≤
∑
k≤2λ,j≤2µ
(1 + |k − λ|)2(1 + |j − µ|)2||χkuχjv||
2
2
≤
∑
k≤2λ,j≤2µ
(min(j, k))(d−2)||(1 + |λ− k|χku)||
2
2||(1 + |µ− j|)χjv||
2
2
≤ (Λ(d, µ))2(
∞∑
n=0
||(1 + |k − λ|)χku||
2
2)(
∞∑
n=0
||(1 + |j − µ|)χjv||
2
2)
≤ (Λ(d, µ))2(λ−1||(−∆g − λ
2)u||2 + ||u||2)
2(µ−1||(−∆g − µ
2)v||2 + ||v||2)
2,
(4.16)
since the estimates for spectral clusters in [4, 5]:
||χλuχµv||2 . Λ(d,min(λ, µ))||u||2||v||2.
This completes the proof of (4.2).
For the remaining case, we note that q = 2p
p−2
> 2d
d−4
when d ≥ 6 since p ≤ 2d
d−2
.
Then according to Theorem 1.3 in [1] corresponding to V ≡ 0, we have the
estimates of ||v||q in the right side of (4.10).
||v||q . µ
σ(q)(µ−1||(−∆g − µ
2)v||2 + ||v||2 + µ
−N+d/2−σ(q)||(I −∆g)
N/2Rµv||2),
(4.17)
assuming that N > d/2 with Rλ being the projection operator for P =
√
−∆g
corresponding to the internal [2λ,∞). Thus, when d ≥ 6 we have
||vHλu||2 ≤||Hλu||p||v||q
≤λd(
1
2
− 1
p
)−1(λ−1||(−∆g − λ
2)u||2 + ||u||2)
µσ(q)(µ−1||(−∆g − µ
2)v||2 + ||v||2 + µ
−N+d/2−σ(q)||(I −∆g)
N/2Rµv||2)
<µ
d−2
2 (λ−1||(−∆g − λ
2)u||2 + ||u||2)
(µ−1||(−∆g − µ
2)v||2 + ||v||2 + µ
−N+d/2−σ(q)||(I −∆g)
N/2Rµv||2),
(4.18)
This along with (4.13) and (4.16) finish the proof of the bilinear estimates of
quasimodes when d ≥ 6.
Furthermore, if λ = µ, we just need assume that d
2
(1
2
− 1
p
) ≤ 1, that is, p ≤ 2d
d−4
to make the second inequality of (4.9) hold. Then we have q = 2p
p−2
due to Holder
inequality and q < 2d
d−4
when d = 6, 7. Thus if λ = µ for d = 6, 7, we can get a
better result than the result of (4.18) due to the Lp estimates of Theorem 1.3 in
[1] corresponding to V ≡ 0 as follows:
||uHλu||2 ≤ λ
d−2
2 (λ−1||(−∆g − λ
2)u||2 + ||u||2)
2. (4.19)
Then along with (4.13) and (4.16), we have
||u||24 . Λ(d, λ)(λ
−1||(−∆g − λ
2)u||2 + ||u||2)
2. (4.20)
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If λ = µ for d ≥ 8, we just need assume that d
2
(1
2
− 1
p
) ≤ 1, that is, p ≤ 2d
d−4
to
make the second inequality of (4.9) hold. Then we have q = 2p
p−2
due to Holder
inequality and q > 2d
d−4
for d ≥ 8. Thus the result of λ = µ is the same as the
result of λ > µ for d ≥ 8 combining (4.18), (4.13), (4.16) and the Lp estimates of
Theorem 1.3 in [1] corresponding to V ≡ 0.
This finishes the proof of Theorem 4.

5. Proof of approximation in H−1
Proof. Under the above hypothesis, we claim that
||Rν(uiuj)||H−1 ≤ Cλ
−1
ν Λ(d,min(λm, λn)) ≈ ν
−1/dΛ(d,min(λm, λn)), (5.1)
the above is argued as in [10].
Since
ν−1/dΛ(d,min(λm, λn)) < ε⇔ ν > ε
−dΩ(d,min(λm, λn)).
where µ(d), as in (2.6), we conclude that in order to obtain (2.5), we just need to
prove (5.1). To prove this we use Theorem 2, Theorem 3 and Theorem 4 when
2 ≤ d ≤ 5 to get
||Rν(uiuj)||
2
H−1 ≤ Cλ
−2
ν
∑
k>ν
| < uiuj, ek > |
2
≤ λ−2ν ||uiuj||
2
2
≤ λ−2ν Λ(d,min(λi, λj))
2(λ−1i ||(∆g + λ
2
i )u||L2 + ||u||L2)
2
(λ−1j ||(∆g + λ
2
j)v||L2 + ||v||L2)
2
. λ−2ν Λ(d,min(λi, λj))
2.
And we use Theorem 4 when d ≥ 6 to get
||Rν(uiuj)||
2
H−1 ≤ Cλ
−2
ν
∑
k>ν
| < uiuj, ek > |
2
≤ λ−2ν ||uiuj||
2
2
≤ λ−2ν Λ(d,min(λi, λj))
2(λ−1i ||(∆g + λ
2
i )u||L2 + ||u||L2)
2
(λ−1j ||(∆g + λ
2
j )v||L2 + ||v||L2 + µ
−N+d/2−σ(q)||(I −∆g)
N/2Rµv||2)
2
. λ−2ν Λ(d,min(λi, λj))
2,
which are desired.
6. Approximation of products for quasimodes
The following result says that, if, as above, i, j ≤ n then the product of quasi-
modes uiuj can be well approximated by elements of Bν if ν is not much larger
than n. In this section, we improve results in Lu-Steinerberger ([11]), since we
can handle quasimodes.
APPROXIMATING POINTWISE PRODUCTS OF QUASIMODES 13
Theorem 5. Fix (M, g) as above. Then there is a σ = σd so that if κ = 1/d
there is a uniform constant Cκ such that if i, j ≤ n < ν and n ∈ N we have are
desired.
||Rν(uiuj)||L2(M) ≤ Cn
σ(n/ν)κ (6.1)
Lemma 1. For σ ∈ R, let ||f ||Hσ(M) = ||(I−∆g)
σ/2f ||L2(M) denote the norm for
the Sobolev space of the order σ on M . If n ∈ N and if 1 ≤ i ≤ j ≤ n, then
||uiuj||H1(M) ≤ Cµ,Mλ
1+2σ(4)
n , (6.2)
if, for p ≥ 2 we set
σ(p) = max{d(
1
2
−
1
p
)−
1
2
, d(
d− 1
2
(
1
2
−
1
p
)}. (6.3)
These bounds arise naturally from the estimates established by Koch-Tataru-
Zworski [9] saying that if p ≥ 2 then for j ≥ 1 we have
||uj||Lp(M) . λ
σ(p)
j , (6.4)
with σ(p) being as in 6.3.
7. Proofs
7.1. Proof of Theorem 5.
Proof. To prove the L2-estimate (6.1) we note that
||Rνh||
2
L2 =
∑
k>ν
| < h, ek > |
2 ≤ λ−2ν
∑
k>ν
λ2k| < h, ek > |
2 ≤ λ−2ν ||h||
2
H1. (7.1)
If we take h = uiuj and use this along with (6.2) we conclude that
||Rν(uiuj)||L2 . λ
1
νλ
1+2σ(4)
n . (7.2)
Since, by the Weyl formula, n ≈ λdn and ν ≈ λ
d
ν , this inequality implies that
||Rν(uiuj)||L2(M) ≤ C(n/ν)
1/dn
2
d
σ(4). (7.3)
This of course yields (6.1) with σ there being 2
d
σ(4). 
7.2. Proof of Lemma 1.
Proof. To prove (6.2) we first recall some basic facts about Sobolev spaces on
manifolds. See [13] for more details. First, if 1 =
∑N
j=1 ϕj is a fixed smooth
partition of unity with
suppϕj ⋐ Ωj , (7.4)
where Ωj ⊂ M is a coordinate patch, we have fixed µ = 1
||f ||H1(M) ≈
N∑
j=1
∑
|α|≤1
||∂α(ϕjf)||L2(Rn). (7.5)
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Here, the L2-norms are taken with respect to our local coordinates. ||uj1uj2||H1(M)
is dominated by a finite sum of terms of the form
||∂α(ϕ · uj1uj2)||L2, (7.6)
where ϕ = ϕj for some j = 1, . . . , N and |α| ≤ 1. By Leibniz’s rule, we can thus
dominate the left side of (6.2) by a finite sum of terms of the form
||L1uj1L2uj2||L2(M), (7.7)
where Lk : C
∞(M)→ C∞(M) are differential operators with smooth coefficients
of order mk with
m1 +m2 ≤ 1. (7.8)
As a result, by Holder’s inequality, ||uj1uj2||H1(M) is majored by a finite sum of
terms of the form
2∏
k=1
||Lkujk||L4(M), (7.9)
where the Lk are as above. Since Lk is a differential operator of order mk, for
any 1 < p < ∞, we can obtain the following inequality based on the results in
[12] and [1].
||Lkujk ||L4(M) . λ
mk+σ(4)
n (λ
−1||(∆g + λ
2)ujk||L2 + ||ujk||L2). (7.10)
By (7.8) and (7.9), we obtain (6.2) from this, which finishes the proof of Lemma
1. 
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